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5_j , Abstract. Let H be the quantum double of a Nichols algebra of diag- 

^U,' onal type. We compute the i?-matrix of 3-uples of modules for general 

•^r \ finite-dimensional highest weight modules over H. 

We calculate also a multiplicative formula for the universal _R-matrix 

_ ., ' when H is finite dimensional. 

CN ■ 

Q^' 1. Introduction 

T^ ! A remarkable property of quantum groups, introduced by Drinfeld and 

C^ ' Jimbo in the eighties, is the existence of an R- matrix for their categories 

H ■ of modules. This i?-matrix is related with the existence of solutions of the 

'—'I Yang-Baxter equation. An explicit formula for the universal i?-matrix of 

,__! ■ quantum groups was obtained in the nineties |KRt ILS^ IRolj , and extended 

^ . to quantized enveloping superalgebras [KhTl lY] of finite-dimensional Lie 

^N I superalgebras. 

1^^ ■ We can deduce the existence of this i?-matrix for quantized enveloping (su- 

\f^ \ per)algebras because they can be obtained as quotients of quantum doubles 

,— b ' of bosonizations of the positive part by group algebras, and these quantum 

O ' doubles are quasi-triangular. 

f^ \ A natural generalization of the positive part of these quantized envelop- 

. . ' ing (super) algebras are the Nichols algebras of diagonal type |ASj . They 

_ ^ , admit a root system and a Weyl groupoid |HYH IHSj controlling the struc- 

k> I ture of these algebras. Moreover, the classification of these Nichols algebras 

Jj ■ with finite root system includes (properly) the positive part of quantized 

enveloping algebras of finite dimensional contragradient Lie superalgebras 
and simple Lie algebras. It is natural then to ask for a formula of the R- 
matrix in this general context. We answer this question for the subfamily 
of finite-dimensional representations with a highest weight in a general con- 
text, and obtain an explicit formula for the universal i?-matrix when the 
Nichols algebra is finite-dimensional. 

The organization of the paper is as follows. In Section [2] we recall def- 
initions and results needed for our work. They are related with quantum 
doubles and properties of Nichols algebras of diagonal type. We stress the 
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2 ANGIONO, YAMANE 

importance of the Weyl groupoid and the generahzed version of root sys- 
tems. In Section [3] we work over arbitrary Nichols algebras of diagonal type 
and compute the i?-niatrix of 3-uples of finite-dimensional modules, general- 
izing the results in jT]. We restrict our attention to highest weight modules, 
which give maybe the most important subfamily of representations. Finally 
in Section |4] we compute the universal i?-matrix for quantum doubles of 
finite-dimensional Nichols algebras. The formula involves the multiplication 
of quantum exponentials of root vector powers, generalizing the classical 
ones for quantum groups. 

Notation. We denote by N the set of natural numbers, and by No the set 
of non-negative integers. 

Let k be an algebraically closed field of characteristic zero. All the vector 
spaces, algebras and tensor products are over k. We shall use the usual 
notation for ^-combinatorial numbers: for each q € k^, n € N, < A; < n. 



n^ 


= 1 + g + . . . + g'^-i 


{k\\{n-k\\- 



(n),! = (l),(2),---(n) 



<?' 



Let A be an associative algebra. Given an element a ^ A such that 
a^ = 0, we define the q- exponential, for each q which is not a root of unity, 
or it is a root of unity of order > A^: 

iV-l j 

(1-1) exp^(a) = Y^-^ 

Let € N. {aj}i<j<5i will denote the canonical Z-basis of Z . Given an 
Z-linear automorphism s : Z — t- Z and a bicharacter % : Z x Z — )• k^, 
s*x will denote the bicharacter 

(L2) {s*x){a,P):=x{s-\a),s-\P)), «,/3gZ^ 

Given a Hopf algebra H with coproduct A, we will use the classical 
Sweedler notation A(/i) = /ii (g) /i2, h £ H, and denote 

A(2) := (A (g) id) o A = (id (g) A) o A. 

Given R = ^- ai^hi £ H ® H , we set the following elements oi H ®H ®H: 

i i i 

Recall that a (right) coideal subalgebra of // is a subalgebra A oi H such 
that A{A) C H A. 
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2. Preliminaries 

We recall some definitions and results which will be useful in the rest of 
this work. They are mainly related with quantum doubles of Hopf algebras 
and Nichols algebras of diagonal type. 

2.1. Skew-Hopf pairings and i?-niatrices. Let A,B be two Hopf alge- 
bras. A skew Hopf pairing between A and B (see [Jl Section 3.2.1], [KSj 
Section 8.2]) is a linear map 77 : A (8) -B — ?> k such that 

r]{xx', y) = r]{x', yi){x, 2/2), r]{x, 1) = e{x), 

r](.x, yy') = r]{xi,y){x2,y'), ??(1, y) = e{y), 

v{S{x),y) =r]{x,S~^(y)), 

for all X, x' G A, y, y' £ B. In such case, A(Si B admits a unique structure of 
Hopf algebra, denoted by T>{A,B,rj) and called the quantum double associ- 
ated to r], such that the morphisms A^A<^B,a>—^a<^l,B—^A(i~)B, 
6 I— 7- 1 <8> 6 are Hopf algebra morphisms and 

(a (g) 1)(1 ® 6) = a (g) 6, (1 ® 6)(a (g) 1) = r? (ai, 5(6i)) (02 (g 62)7?(a3, 63). 

When A is finite-dimensional and r] is not degenerate, B is identified with 
the Hopf algebra A* . T>{A, B, rj) = ^{A) is the Drinfeld double of A, which 
admits an i2-matrix: 

(2.1) 7^:=^(l(g6i)(g(ai®l), 

where {aj}jg/, {6i}ig/ are dual bases of A, B: r]{ai,bj) = 6ij. 

2.2. Weyl groupoids and convex orders on finite root systems. We 

recall the definitions of Weyl groupoid and generalized root system following 
|CHj . Fix a set <Y 7^ and a finite set /. Set also for each i G / a map 
ri : X ^- X , and for each X £ X a, generalized Cartan matrix A^ = {a^)ij^i 
in the sense of IKal. 



Definition 2.1. pHlHYl] The quadruple C := C{I, X, (ri)ig/, (A^)xec) is 
a Cartan scheme if rf = id for all i G I, and a^ = a^] for all X € ^ and 
i,j G /. For each i £ I and each X £ X set sf as the Z-linear automorphism 
of Z determined by 

(2.2) sf{aj) = aj - afjUi, j £ I. 

The Weyl groupoid of C is the groupoid W(C) whose set of objects is X and 
whose morphisms are generated by sf-; here we consider sf as an element 
in Hom(X,ri(X)), i£l, X £X. 

Given a Cartan scheme C, and for each X £ X a set A C Z , we say 
that TZ := TZ{C, {A^)xex) is a root system of type C if 

• for ah X € ;f , A^ = (A^nN^)U-(A^nN^). We call Af := A^ C 
Nq the set oi positive roots, and A^ := — A^ the set of negative roots. 
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• for alii £ I and all X G ;f , A^^ n Zoj = {±ai}. 

• for alH e / and all X eX, sf (A^) = A'''(^). 

• set mfj := |A^ n (NoOi + NoOj)!; then (rirj)™^-(X) = (X) for all 
i^ j e I and all X € A". 

We assume that >V(C) is a connected groupoid: Hom(y, X) ^ 0, for all 
X,y G Af. For any X G A", let Hom(W,X) := UygAr Hom(y,X), and 
A-^ r-e .^ {ii;(a-) : i ^ J^ w ^ Rom{W,X)}, the set of real roots of X. 
Clearly, A^ ''^ C A^, and w{A^) = A^ for any w G Hom(y,X). We say 
that TZ is finite if A is finite for some X ^ X . 

Note that each w G Hom(>V, Xi) is a product s^^^s^^ ■ ■ ■ s^^ , where 
^j = '''ij-i ■ ■ ■ '^ji(-'^i)) i > 2; we fix the notation w = idxi ^h ' ' ' ■^im to 
mean that w G Hom(W,Xi), because the elements Xj G Af are determined 
by the previous condition. The length of w is 

i{w) = min{n G Nq : 3ii, . . . ,in £ I such that w = idjc Sjj • • • Si^}. 

Proposition 2.2. [CHl Prop. 2.12] Let w = \dx Si-, ■ ■ ■ Si^, i{w) = m. The 
roots (3j = Si-^ ■ ■ ■ Si_-^{ai) G A"'^ are positive and pairwise different. 

Moreover, if TZ is finite and w is an element of maximal length, then 
{/3j} = A^, so all the roots are real. D 

For the last part of this subsection, assume that TZ is finite. 

Definition 2.3. [ A2 ] Given a root system TZ and a fixed total order < on 
A^:, we say that it is convex if for each a,(3 £ A^ such that a < (3 and 
a + /? G A^, then a < a + (3 < (5. It is said strongly convex if for each 
ordered subset ai < . . . < a^ of elements of A^ such that a := ^ Oj G A-^, 
it holds that ai < a < ak. 

Theorem 2.4. |A2j Given an order on A^, the following are equivalent: 

(1) the order is convex, 

(2) the order is strongly convex, 

(3) the order is associated with a reduced expression of the longest ele- 
ment, n 

2.3. Weyl groupoid of a Nichols algebra of diagonal type. For each 
bicharacter x : ^^ x ^^ — ^ k^, set Qijix) = xio^i^ctj)- Given 1 < f < 6*, we 
say that x is i- finite if for all 1 < j 7^ i < there exists r?i G Nq such that 
{m + l)<jii(l — Qiiqijqji) = 0. In such case, define 

«fi = 2, af. = - mm{m G Nq | (m + 1),^^ (1 - qlqjiqij) = 0}, 

and set sf as the Z- linear automorphism of Z given by ()2.2p . If x is i-finite 
for all i, A^ = {afj)i<i,j<e is the generalized Cartan matrix associated to x- 
Let X be the set of all the bicharacters of Z . We define ri : X ^ X 
by ri{x) = {^iYx if X is i-finite, or rj(x) = X otherwise. Such r^'s are 
involutions and Qix) will denote the orbit of x by the action of the group 
of bijections generated by the r^'s. 
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Note that C(x) = C ({1, ■ ■ ■ , d} , G{x), (^Oi<»<6>, iC'")veg{x)) is a connected 
Cartan scheme, see |HYH lHY2j . Therefore the associated Weyl groupoid 
yV{x) is cahed the Weyl groupoid of x- 

There exists a close relation between the root system and the set fC{V) 
of graded coideal subalgebras, as it is stated in |HSj . We refer the reader 
to this reference for the definitions of the coideal subalgebra B{w) and the 
Duflo order. 



Theorem 2.5. |HSj For each w G Hom(VV, V) there exists a unique right 
coideal subalgebra B{w) G K^iV) such that its Hilbert series is 

(2.3) ■HBi^)= n ^^nM^)- 

Moreover, the correspondence w i— )> B{w) gives an order preserving and 
order reflecting bijection between Hom(W, y) and JC{V), where we consider 
the Duflo order over Hom(W, y) and the inclusion order over JCiV); i.e. 
wi <Z) W2 if and only if B[wi) C B[w2). □ 

2.4. Lusztig Isomorphisms of Nichols algebras. Set x, (%) as in Sub- 
section 12.31 U{x) will denote the algebra presented by generators Ei, Fi, 
Ki, K^ , Lj, L'^ , 1 < i < 6, and relations 

XY = YX, X,Y e{Kf\Lf^ ■.l<i<e}, 

KiK~^ = ULT^ = 1, E,Fj - FjEi = ,5, ^ {Ki - U) 
KiEjKT-^ = QijEj, LiEjLr^ = qJ^^Ej, 

UF.LT^ = q,,F„ KiF.Kr^ = qT^F,. 

U^^{x) (respectively, U~^{x)) will denote the subalgebra generated by Ki, 
K^ (respectively, Li, L^ ), I < i < 0, a,ndU^{x) will denote the subalgebra 
generated by Ki, K^ , Li and L~ . Also, U^{x) (respectively, U~ {x)) will 
denote the subalgebra generated by Ei (respectively, Fi), 1 <i < 9. 

U{x) is a Z -graded Hopf algebra, with graduation determined by the 
following conditions: 

deg{Ki) = deg(Lj) = 0, deg(£^j) = Ui, deg(Fi) = -Oj. 

lA{x) admits a Hopf algebra structure, with comultiplication determined by 

^{Ki) = K,®K„ A{Ei) = Ei®l + Ki0Ei, 

A{Li) = Li0Li, A{Fi) = Fi(^Li + l0Fi, 
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and then e{Ki) = e{Li) = 1, e{Ei) = e{Fi) = 0. 

Note that U^{x) is isomorphic to kZ^^ as Hopf algebras, and the subal- 
gebra U-^{x) (respectively, U-^{x)) generated by U^{x), Kf^, 1 < i < 
6, (respectively, U~{x), L- ) is isomorphic to T{V)4j^\iZP (respectively, 
T(y*)#kZ^). U{x) is the associated quantum double. 
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Here, ZY+(x) is isomorphic to T{V) as braided graded Hopf algebras in the 
category of Yetter-Drinfeld modules over kZ , with actions and coactions 
given by: 

Ki-Ej=qijEj, 5{Ei) = Ki®Ei, 

and similar equations for Fj , Lj . A will denote the braided comultiplication 
of ZY+(x)- As it is No-graded, we will consider A„_^ k{^)-> the component of 
A(£^) in U^{x)n-k ®U'^{x)ki for each E S U^{x) homogeneous of degree 
n, and fe € {0, 1, . . . ,n}. 

By [H2l Prop. 4.14], the multiplication m : U^{x) ®U^{x) ®U~{x) -^ 
U{x) is an isomorphism of Z^-graded vector spaces. 

We consider some isomorphisms involving U{x) |H2t Section 4.1]. 

(a) Let a = (ai, . . . ,ae) € (k^)^. There exists a unique algebra auto- 
morphism ifa of ZY(x) such that 

(2.4) ipJyKi) = Ki, ifa{Li) = Li, ipa{Ei) = aiEi, ^Pa{Fi) = a^r^Fi. 

(b) There exists a unique algebra antiautomorphism fi oiU{x) such that 

(2.5) n{IU) = K^, n{Li) = Li, n{Ei) = Fi, n{F{) = Ei. 

It satisfies the relation 0^ = id. 

As in JHY2| lH2] . T^{x) wih denote the ideal of U+{x) such that the 
quotient lA^{x)/'^'^{x) is isomorphic to the Nichols algebra of V] that is, 
the greatest braided Hopf ideal of U^{x) generated by elements of degree 
> 2. Set 1~{x) = ^(-^"''(x))) where (/)4 is the anti-automorphism of algebras 
determined by (|2.5p . and 



U±(X) :=Z^±(x)A±(x), u(x) :=Z^(x)/(X-(x)+X+(x)), 

and u-''(x), u-''(x) the corresponding images on the quotient. Note that 
u(x) is the quantum double of u"'"(x)#kZ^. The following result follows by 
I2l Lemma 6.5, Theorem 6.12]. 



Proposition 2.6. |HY2t Proposition 3.5], |H2( Theorem 5.8] There exists 
a unique non- degenerate skew- Hopf pairing ij : u'^(x) CS)u~(x) such that 

(2.6) r,{K, ,Lj) = Qij , ri{E„ Fj ) = -5,j , r]{Ei, Lj ) = T^{Ki,Fj) = 0. 

for all 1 < i,j < 9. It satisfies the following condition: for all E G u"'~(x), 
FGu-(x), i^Gu+0(;^), LGU-O(x) 

(2.7) rj{EK,FL) = rj{E,F)7iK,L). 

Moreover, i//3 ^ 7 e N^, then v\u+{x)f,(^u-ix)-y - 0- ^ 
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Assume that all the integers a^- are defined, v € G{x)^ so the automor- 
phisms Sp are defined. For simplicity, we denote E^, F_^, Kj, L^ the genera- 



tors corresponding to U{s*x), aij 
the scalars 






^«j ' ^ij 



Mj 



We define also 



(2i 



K{x) ■■= {-api)qpp n '^Ipp^pi^ip ~ 1)' ^ ^ P- 



s=0 



Fix p€{l,...,0}. Ifi^pwe consider the elements 



i,0(p)' i,0(p) ■" 



Ei 



-^i,0(p)'-^i,0(p) •" 



and recursively. 



E' 



i,m+l{p) 



E 



i,m+l{p) 



F: 



i,m+l(p) 



F." 



i,m+l(p) 



P i,m{p) 

P i,m(p) 

F F^ 
P i,m{p) 

F F~ 

P i,m{p) 



\m+l 



E, 



If p is explicit, we simply denote E^ , ^ 



(-^P ■ ^i,m{p))^P^ 
\^P ' ^i,m(py^P^ 
\^P ' ^i,m{p))^P- 

_^^ by Ef^^. By [11 Corollary 5.4], 
(2-9) El^F, - F,E+ 

Theorem 2.7. There exist algebra morphisms 
(2.10) Tp,T~ : u{x) ^ u{s;x) 

univocally determined by the following conditions: 

Tp{Kp) = T-(Kp) = K-\ TpiK,) = T-{IU) = K^'"K, 



{^^)qvv(Q^P ^qpiqip-'^)Lr,E. 



P i,m—l' 



Tp{Lp) — Tp (Lp) — Lp , 
Tp{Ep) = FpLp , 
TpiFp) = ICp'Ep, 

Tp[Ep) = Kp^Fp, 

Tp{Fp) = EpLp , 

for every i ^ p- Moreover, TpTp 
such that 



Tp{Li) — Tp {Li) — Lp '"L^, 
Tp{Ei) = E^^^^^, 

Tp{F.,) = \p{s*pXr'Flm,^, 

Tp{E,) = Xp{s;x-'r'E-^m,^, 

^p V-^V S—i^nipi' 

TpTp = id, and there exists /U € (k^) 



(2.11) 



TpO(^4 



64 oT oip^. 



D 



By |HY21 Proposition 4.2], we have for all a (ziP 
(2.12) Tp{u{x)o)=n{s*pX)sUo^y 
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3. i?-MATRIX FROM A VERSION OF A UNIVERSAL i?-MATRIX 

Most of the ideas we shall give in this section are modifications of (Tj 
Section 4]. Let x ^ ^^ ^ Z^ — t- k^ be any bicharacter. We will compute 
an R-matrix for some modules of u(x) from canonical elements of u(x)- If 
M = I Ail < oo, the canonical elements can be obtained by Proposition 14.61 



3.1. Equations for canonical elements. We recall |HY2^ (3.18), (3.19)]: 

(3.1) YX = 1^{X^,S{Yl))l^{X:i,Y^)X2Y2, 

(3.2) Xy = r?(Xi,yi)r?(X3,5(y3))l2^2, XGu^°(x),^Gu^°(x). 
Define the k-linear homomorphism r : u(x) ® u(x) — > u(x) ® u(x) by 

t{X®Y) :=y(g)X 

Given X € u-''(x), Y G u-'^(x), we define the k-linear homomorphisms 

r/l : u^°(x) ^ k, filiY) := v{^,Y), Y Gu^°(x), 

r)| : u^°(x) ^ k, fi^iX) := v{X,Y), X Gu^°(x). 

Lemma 3.1. Let I < i < 6 and f3 eNf^. Set 

KW; i):={ieK - {0, ai}, I /? - 7 G N^ - {0, a^}}. 

(i) Let P ^ {0,ai,2ai}, Y € vr{x)-p- Set Y' , Y" G u~(x)_^+c«, ■s^^/i that 
[Ei, Y] = KiY' - Y"Li. Then 

(3.3) A(y)-(y L^ + 1 (g) y + Fi (g) y"L°' + y' ® FiL'^-°'-) 

e ®76N«(/3;i)l^"(x)_^ ® U-(x)_^+^L^. 

/n particular, 

(3.4) (r?| ® id)(A(y)) = -y'%, (id f/|)(A(y)) = -y. 

fii; Lei /3 ^ {0,ai,2ai}, X G u+(x)^- Set X',X" G u+(x)^_<^^ swc/i that 
[X, Fi] = X"Ki - LiX'. Then 

(3.5) A{X)-{X 1 + if^ ® X + X"K°'^ ®Ei + EiK^-"'- (g) X') 

/n particular, 

(3.6) (id ® r/|)(A(X)) = -X"K,, {fi\ ® id)(A(X)) = -X' . 
Proof. We prove (i) ; (ii) can be proved analogously. Note that 

A^^) {Ei) = Ei®l®l + Ki®Ei®l + Ki®Ki®Ei. 
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Define Y', Y" as the elements of u~(x)_«_|_q,. satisfying the same property 
as <^3i) with Y', Y" in place of Y' , Y" . By (jkl]), we have 

YEi =ri{Ei,S{Fi))riil,L'')Y"L'''+7]{Ki,S{l))ri{l,L^)EiY 

+ r,{K,,S{l))r,{E,,FiL^-''^)K,Y' 
=ri{Ei,-F,L-''^)7]{l,L'')Y"L''^ + i]{Ki,l)r,{l,L^)EiY 

+ r]{K,,l)7](Ei,F^L^-''^)K^Y' 
=Y"U + E,Y - KiY', 

so the proof is complete. D 

Fix /3 G Nq and m/3 := dimu"'"(x)^ = dimu~(x)_/3. ^^^ ^^^o {Ex }, 
{Fy } bases of the spaces u'^(x)«, u~(x)_ft, which are dual for r/. The ma- 
trix [r]{Ei ' , Ff')]i<x,y<rn0 IS invertiblc, we cah [bxy]i<x,y<mfi to its inverse. 

Lemma 3.2. For all X E u"'"(x)fl, Y € u~(x)„« it holds: 

(3.7) X=J2b(^i)rj{X,F(^))Ei^) 

x,y 

(3.8) X=Y^b^fJrj{E(f\Y)FW. 

x,y 

Proof. We prove (|3.7p : the proof of ()3.8p is similar. We have 

V (Y.i'Mx,Fi^^)E(f\F(A =Y,b(fJ,iX,Fi^^HE(f\F(^^) 

\ x,y / x,y 



^5,.r?(X,Ff))=^(X,Ff)), 



V 



for all 1 < z < m. (13. 7p follows since ?7|u+(x) xu-(x) ^^ non-degenerate. D 



Let Cp be the canonical element of u'^{x)b "^ ^ (x)_/3) i-e- 

x,y=l 

Lemma 3.3. Let 1 < i < 9. The following identities hold: 

(3.9) [1 ® E„Cp+a^ = Cp{E, U) - {E, Ki)Cp, 

(3.10) [C(5+a,,Fi (g)l] = (L, Fi)C^ - Cp{K, F,). 
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Proof. We prove ([32]). Let Y G u-{x)-i3-a,- Let Y\ Y" € u"(x)_/3 be such 
that [Ei,Y] = Y'Ki - UY" . Using <^, we have 



{4 id)([i i?,,c^+,J) = j;6g+"»)r?(ii;(/^+"'),y)[ii;,,F^-/^-"')] 



2:,S/ 



(3.11) 



Ei,Y.bii+'^^^rjiEif^+'^^\Y)Fi- 



■0-»^) 



x,y 



[E^,Y]. 



Now using (|3.4p . (j3.7|) and (|3.1ip . we compute: 
(f?|0id)(C;3(^i ® Li) - (^^i ® Ki)C0) 
x,y 



E ^'gC^l^. ® Ef\^{Y))F^/)u - v{Ei^^ ® E,, ^{Y))K,F^/^) 
x,y 



x,y 



-Y"Li + KiY' = [Ei,Y] = (r/| ® id)([l ® ^i,C;3+«J). 



Since r]\u+{x) xu-{x) ^^ non-degenerate, we have (j3.9p . Similarly we obtain 
(I3A0]) . D 



Lemma 3.4. Lei C'^ := (K'^ (g) 1)(5 ® id)(C/3). For e?;ery a G N^, 



(3.12) 



E ^/3^7 ~ '^"'0 ~ E '^K')'- 



/3 + 7=a 



/3,7eNg 
/?+7 — Q 



Proof. If a = 0, (|3.12p is clear. Assume a 7^ 0. We show the first equation 
of p.l2p . Since ??|u+(x) xu-(x) ^^ non-degenerate, it suffices to show that 



(3.13) 



E (#®<(x))(C/3C;) = 0, foraliyGu-(x)_ 



.TSMK 



p+1= 



Write A(y) = E^.^eNg y(^'^)(l ® Ll^), where F^/^'T) G u-(x)_;3 ® ""(x). 



/3+7 — Q 



Further write y(^'T) = Em ^-J,m ^ ^-7,™ > where yfj^]^ G u-(x)_/3 and 



/3,76Ng 2;,x' 
/3 + 7=a V-y 



/3 + 7 = 
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ri^;^' G u^(x)„^. The left hand side of (|3l^ is 

x', 

y' 

,7e< ""^^^'y- 

+ 7— a 

(J x' ,y' 

+ 7^a 

= E E^i'>?i'^(^^'^4'"^'^'^')^(4'^^"''5-^(^i'j^))^r^,^^^^ 

U x' ,y' 

/3 + 7 — a 

= E E^£^^?l'^(^i'^^&'^'^')^(^i^^^'''5-^(^j'^^^ 

/3,7eN« "',"'?■ 

^ + 7 — a 

E E ^?l'^'g^(^^^")(E^(4'^4'"^'^0^(i?l7\5-i(yjj7)))L- 

v,y' 

E E^(7>7)4'™^)'5-Hyj,t'^^)L- 

+ 7 — CK 

E E4'"^"^'^"'5-Hy,(t"^) = e(y) = o, 






/3,7SNg 

/3 + 7 — a 



where we use (j3.8p and the graduation of u(x). The second equation of 
(j3.12p is obtained in a similar way. D 

Lemma 3.5. The following identities hold: 

(3.14) (id®A)(C„)= Yl ^'''^^'''^(l®^®-^'')' 

(3.15) (A®id)(C,)= Yl 4'''^C(2'3)(i^7^i^i). 

/3+7=a 

Proof. We show (j3.14p . Given Xi € u"'"(x)^ and X2 S u"'"(x)«, we compute 
(id^r)!^ ®7)£)(id0 A)(CJ = j;6g)r?(X2Xi,i^^(-"))4") 

x" ,y" jx' j-y' 

= (id®77|^®r?£)(4^'^)c(i'2)), 
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where we use (13.711 twice. Since 



(id®A)(C,)G Yl u+(x),C5u+(x)^®u+(x)^L^ 

/3+7=a 

we prove that p.l4p holds. Similarly we obtain ()3.15p . D 

3.2. i?- matrix for finite dimensional u(x)-modules. Fix Vi, V2, V3 

three finite dimensional u(x)-niodules, with associated k-algebra homomor- 
phisms px : u(x) — >■ Endk(T4), x G {1, 2, 3}, such that there exist an element 
Vx ^ Vx and a k-algebra homomorphism A^; : u^{x) -^ k for each x G {1,2,3} 
satisfying 

X-Vx= AxiX)vx for ah X G u°(x), Vx = u-(x) • Vx, 

Ei-Vx = for all 1 < i < 61. 

If J- = ZzJ^'z^J^z e Endk(K®y3,) ^ Endk(14)®Endk(yy), 1 < x < y < 3, 
we set -F^^'?^) G Endk(Fi O F2 O V^s) = Endk(Vi) (g) Endk(V2) ® EndklVs) as 

^(^'^) = J^ J-; (g) J-^' (g) idva ifx = l,y = 2, 

z 

Z 

7-(^'S^) = idyj J^ -^^ ® -^' if x = 2, y = 3. 

z 

Now define /^y G GLk(KE (g) K;) by 

fxy{Xvx®Yvy) := x(/3,a)A,(ir-^)Aj,(L")X7;, ® y^;^ 
for a, /3 G Nq and X G u~(x)_a, 5^ G u~(x)_/3. Set also 

^^y •" / ^ (Pa: ® Py)v^l3)j ^xy •= ^xyJxy 



y 



Lemma 3.6. For each I < i < 9 and X G T4 (g Vy, 

(3.16) /,j,((^, 1)X) = (^, Lr^)fxy{X), 

(3.17) /,j,((l £;,)^) = {K, ^i)/:.j,(X), 

(3.18) fxym ^ 1)^) = (^i ® Li)fxy{X), 

(3.19) /,3,((1 ® Fi)X) = {Kr^ ^ i^O/.y(X). 

Proof. We show p.l6p . For each X G u~(x)_^, ^ G u~(x)_-,, 
fxyiiEi (g) l)Xvx <S)Yvy) = fxyiEiXvx (g y^y) 

= x(7,/3 - a»)A,(ir-^)A3,(L'^-"0^*^t'x ® >"% 
= (Ei (g LT^)fxy{Xvx (g y^j,). 
Thus we have (fXTBD . Similarly we obtain (fXT?!) . (l3J8]l and (l3J9]l . D 

Now we are ready to obtain the i?-matrix for the modules Vx, 1 < x < 3. 
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Theorem 3.7. (i) C^y € GLk(K' ® Vy) and 

(3.20) C^^ =Y,{px® Py){K^ ®1){S® ■id){Ci3). 

(a) For every X G u(x) 

(3.21) R^y{p, ® py){A{X))R-^ = (p.. py){{T o A) (X)) . 
(Hi) The following identities hold: 

(3.22) Y. (^1 ®P^® '^3)((A ® id,(^))(C^)) = Cg'^)(/g'^))-ic(f V2''^ 

(3.23) Y. (^1 ® /'^ ® P3)((idu(x) ® A)(C;3)) = Cg'^) (/2''V'cr/V: 



(l,3)^^(l,3)^-_l^(l,2)^(l,3) 
13 



(iv) The elements Rxy satisfy: 

(o 94^ o(l,2) p(l>3) p(2,3) _ p(2,3) p(l,3) p(l,2) 

{6.1^) U^2 -"l3 ^23 - -'^'23 -"-13 ^12 ■ 

Proof, (i) This immediately fohows from (I3.12p . 

(a) As we have algebra maps on both sides of the identity, it is enough 
to prove it for the generators of u(x), and it follows by using Lemmata 13. 3^ 
K6[ For example, for each X eVx(g>Vy, by (IXT6|) . (I3T7J) . HSM we have 

{RxyA{E,) - (r o A){Ei)Rxy)X = {Cxyf-^A{Ei) - (r o A){Ei)Cxyf-^)X 

= Y (CpfxyiEi ®l + Ki®Ei)-{l(^Ei + Ei(^ Ki)Cpf~^)X 



Y (C^iEi ®Li + l®Ei)-{l®Ei + Ei® Ki)Cp)f^^X 



= Y{[1® E„C^+a^ - [1 ® E„Cp])f^yX 

Y [l(^Ei,Cp]f~;X = 0. 

(Hi) It can be proved by using Lemmata 13.51 13.61 In fact, we compute for 
each X G T4 (g) Vy-. 

Q,7GNg 
/3GNg 
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(iv) In this case the proof follows by Lemma 13.31 and the previous claims: 

p(l,2) p(l,3) „(2,3) _ „(1,2)^(1,3). .(l,3)s-l^(2,3),,(2,3)x-l 
-"■12 -"-13 -"'23 ~ -"'12 '-13 Ul3 I '^23 W23 ) 

= E M2'^(Pl®P2 0P3)((A®id,(^))(C^))(/}^'=^Vl(/ifV' 

= Y.(P^®P^^ /'3)((r o A) id,^^)){Cp)R[Y\fil'''YHfi''Y' 

_ ^(2,3) , .(2,3)x-l^(l,3) .(2,3) p(l,2) . .(l,3)s _l , .(2,3)s -l 

— •-23 U23 ) '-13 J 23 -"-12 Ul3 / W23 / 

_ p(2,3) p(l,3) .(1,3) .(2,3) p(l,2) , .(l,3)^_l^ .(2,3)^_l 

— ^23 -n,]^3 7 13 J23 -"-12 Ul3 ) W23 / 

_ p(2,3) p(l,3) „(1,2) 

— -"23 -"-13 -"12 • 

D 



4. R-MATRICES OF QUANTUM DOUBLES OF NiCHOLS ALGEBRAS WITH 

FINITE ROOT SYSTEMS 

For this section we fix x such that M = |A^| < 00. First we recall 
a series of results from [HY2^ Section 4], which will be useful to compute 
explicitly the universal i2-matrix. Then we relate them with the chains of 
coideal subalgebras of |HSj , and compute the desired i?-matrices of quantum 
doubles of Nichols algebras with finite root systems. Finally we show some 
applications of the previous results to relate different PBW bases. 

4.1. PBW bases and Lusztig automorphisms. Set an element w = 
^xSiiSi2 ■ ■ ■ Sij^j of maximal length of W{x)- Denote 

(4.1) ^fc:=Sn---Si,_i(aiJ, I < k < M, 

so /3fc / A if A: / /, and A^^ = {/3fc|l <k<M}. Set g^ := x{^k,^k), and Nk 
the order of q^, which is possibly infinite. As in JHY21 Section 4], set 

Ep. = ^n • ■■T^,_AE^,) e u(x)+ , % = T- ■ --T-JE,^) G u(x)+ , 
^A =T^,■■■ T.,_,(i^.J G u(x)^^, F^, =Tr... TrJF,J g u(x)^^, 
for l<k <M. 
Theorem 4.1. [HY2l Theorems 4.5, 4.8, 4.9] The sets 

i^Z^ZZl ■ ■ ■ ^fr \^<^k< N,, l<k<M}, 
(eZeZzI ■■■E;\\0<ak<N,,l<k< M}, 
are bases of the vector space u^(x), and the sets 

{FpZ^lT-l ■ ■ ■ ^tl |0 <c^k<N,,l<k< M}, 
{^^m^^mIi • • -^^l |0 < a, < iV,, 1 < fc < M}, 
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are bases of the vector space u~(x)- Moreover, for each pair 1 < k < I < M, 

Ep.Ep, - xWk,MEp,Ep, = E ca,+„...,a,_,i?2;: • • • E;-1 G u+(x), 
E^^Ep^-X-Hl3k,mp,Ep^ = ^Ca,^u...,a,_,E;ill...E;'-l G u+(x), 
Fp,F^, - x{Pk,MFp,Fp^ = Yl da,^.,...a,.,F;ill ■ ■ ■ F;11 G u-(x), 
Ep,Fp^-X-\^k.^i)Fp;Fp^=Y,~da,^.,....M-.F;ill---F;-leu+{^^ 

for some Caj._,_j^,...,a(_i)Cafc+i,...,a;_i) Uafc+i,...,ai_i) "afc+i,...,ai_i G k. U 

Note that Ep^Ep^ - x{Pk,Pi)Ep,Ep^ = [Ep,,Ep^]^. 

Now we want to describe the coproduct of the elements of these PBW 
generators. First we introduce the following subspaces of u(x): 

S; := {{ElElll ■ ■ ■ El |0 < a, < N,}) C u+(x), 

Ci := {{EZe;^^-_1 ■ ■ ■ E;1 |3j > / s.t. a, / 0}) C u+(x), 

Di := {{EZEZZI ■ ■ ■ E^ |3j < / s.t. a, / 0}) C u+(x), 

BL := {{F;IF;'-1 . . . Fll |0 < a, < N,}) C u-(x), 

^- - ({^|;;^;r.^ • • • ^1^ |3J < I s.t. a, / 0}) C u-{x), 

1 < / < Af ; (S) denotes the subspace spanned by a subset S of u(x). 

Proposition 4.2. i?^ (respectively, BL) is a right (respectively, left) coideal 
subalgebra o/u+(x) (respectively, u~{x))- 

Proof. For each 1 < / < M, set vui = l;^Sj^Si^^_-^ • • • s^, and the correspond- 
ing right coideal subalgebra B{wi) of u"'"(x) (for the braided coproduct A) 
as in Theorem 12. 5t then its Hilbert series is 



I 

J=l 

By the definition of B{wi) in jHSj (which involves the Tj's) it follows that 
S/3. G B{wi) for each 1 < j <k. Therefore i?^ C B{wi), because B{wi) is a 
subalgebra. But both A'^^-graded vector subspaces of u'^(x) have the same 
Hilbert series by Theorem 14.11 so i?^ = B{wi) is a right coideal subalgebra. 
The statement about B_ is analogous because u~(x) — S(y*)™P. D 

Corollary 4.3. For each 1 <l < M, 

A{Ep^) G ^ft 1 + 1 ^ft + B^-^ C^, 
A{Fp^ ) G F;3, (g) 1 + 1 Fft + C^ sL-\ 
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Proof. By the previous Proposition and the fact that W^ix) is a graded 
connected Hopf algebra, 



A(i?ft) = Ep^0l + l®Ep^ + Y, E;'~_1 ■ ■ ■ E;1 Xa„ 



■,0-1-1 J 



for some Xai^...^ai_i G ^^ix)- Now express these elements in terms of the 
PBW basis: 

^ai,...,a,_i - 2^H„,...,fei ^I3m I3m-i " ' -^ Pi' 

Suppose that c^^"^''bf' 7^ 0. As u+(x) is N^-graded, A = Y.b,^o^A + 
'^a^Q^jf^j- ^^ 3 runs between 1 and / — 1, Theorem 12 .41 implies that there 
exists i > I such that bi ^ 0. 

The proof for i^^^ is analogous. D 

More generally, we can describe the coproduct of each PBW generator. 
In this case we can only describe the left hand side of the tensor product. 

Proposition 4.4. For each 1 < / < M, 1 < ai < Ni, 

me;ie;i:i ■■■e^d^^ h) e^ ^ e^-e;- ■ ■ ■ e^ 

p=0 ^^ ^ 11 



+ E^ . . . i?«i 1 + {B\ n B\) ® u+(x), 

0.1 

' / "M T?°-l-P T?oi-i jpai ^ , 

'A 



n—n \^^ 01 



+ 1 ® F|; • • • f;; + u-(x) ® {Dl n i^L), 

Proof. We prove the statement for the -E^j.'s by induction on Z; the proof 
for the Fp^Js is analogous. The case / = 1 is trivial, because -E^^ = Ei-^ is 
primitive, so 

?oi-p 



r,— n \ -^ / 01 



p=0 ^ -^ ^ 91 

Assume that it holds for k < I. Now we use induction on a;. If a; = 1, 

A{E,,e;11 ■■■El\) = AiE,,)A{E2:l ■ ■ ■ Ell). 

Therefore we use inductive hypothesis, Corollarv 14.31 and the fact that Bi_i 
is a subalgebra to conclude the proof. The inductive step on a; is com- 
pletely analogous, and close to the proof of results involving the coproduct 
of hyper letters in |Khj . D 

4.2. Explicit computation of the universal R-matrix. We will obtain 
now an explicit formula for the universal R- matrix when the Nichols algebra 
is finite-dimensional. By (j2.ip it is enough to compute bases of u-'^(x) and 
u-^(x)j which are dual for 77. Such bases will be those of Theorem 14. 1[ 
The proof is similar to the one of |A2[ Proposition 4.2], see also |Ro2] . 



i?,-MATRIX OF QUANTUM DOUBLES OF NICHOLS ALGEBRAS 17 

Remark 4.5. Set for each a = {ai, . . . , ag) G Z^ 

K'^ := K-,^ ■ ■ ■ K^o G u+°(x), L^ ■= L^ ■ ■ ■ L^" € u^^x). 

For each Z -homogeneous element E S u(x) let \E\ £ Z be its degree. 
Therefore, 

(4.2) A(^) = ^(i)ifl^(2)l0£;(2), 

for each homogeneous E E u~^{x), where A{E) = E^i-^ (8) -£^(2) is the Sweedler 
notation for the braided comultiplication. Analogously, for each homoge- 
neous F € u~(x), 

(4.3) A(F) = F(i)(g)F(2)Ll^wL 
Proposition 4.6. Let < Oj, 6j < Ni, for each 1 <i < M . Then 

M 

(4-4) V {E^EZll . ■ ■ EII,f'^^J^F;^~1 . . . <^) =llK,Mi),M\ 

where iji := r]{Ep^,Fp^) is not zero for all i. 

Proof. We will prove ()4.4p by induction on J2^h Z] ^« ' therefore r]i ^ 
for all i because ry is a non-degenerate pairing. It is clear if ^ aj = 0. If 
^ Oj = 1, then the PBW generator is just Ej^. for some j. For this case we 

apply decreasing induction on j. Note that r/ ('^^^..F^^F^*^-^^ ' " Kl) ^^ 
when Pj 7^ ^i bil3i, by Proposition 12.61 If (3j = ^^ biPi and /5j is a simple 
root, the unique possibility is bj = 1 and 6^ = for / 7^ j. If /3j is not a 
simple root, then either bj = 1 and bi = for / 7^ j, or there exists k > j 
such that bk > because the order is strongly convex. In the last case. 



v{iEp,h 



^)^Fk-'4::l---4l^=^^ 



because 77 ('(F^^.)(i)K'^^''^^(2)I^^^ \ = by Corollary [33] and the inductive 

hypothesis. 

Assume that X]aj,X^6i > and we have proved the formula for sums 
smaller than these two. Set k = max{i : a-j 7^ 0}, / = max{j : bj 7^ 0}, and 
suppose that k < I (otherwise the proof is analogous). By Proposition 14.41 



' > Pk Pfc-i pi' Pi Pi-i p. 



^ {i^i^Zii ■ ■ ■ ^Zh)^K\-'Ki\ ■ ■ ■ <0 

so the proof follows by inductive hypothesis. D 
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Now we obtain a formula for the scalars 7]i. The algebras u-'^(x), u-^{x) 
are canonically No-graded; we denote by d{X), d{Y) the degree of the ho- 
mogeneous elements X G u-^{x), Y G u-^{x)- In fact, if X G u-''(x)/3, 
Y G u^0(x)-/3, (i = Eti niai G Ng, then d{X) = d{Y) = ^^i n^■ 

Lemma 4.7. r^fc = (-1)'^(^%) /or alll<k<M. 

Proof. By induction on A;, it is easy to prove that 

(4-5) Ep^F„^-Fp^E„^=KP^-LPK 

On the other hand, by (13. 2p we have that 

(4.6) Ep^Fp^=ri{{Efi^\,{Fp^)r)iT{{Ep^)^,S{{Fp,h)){FpMEp,)2- 

Using (14. 2|) and the fact that u-'^(x) is Ng-graded, we deduce that the unique 
term in A(^)(£'/3j,) where appears K^^^ in the middle is K^^^ ® K^^ ® Eji^^. If 
we want to compute the coefficient of in (j4.6p . it is enough to look at the 
term l(g)l(8i-Fg^ in A"^(i^^j.), because the components of different degree are 
orthogonal for rj. Using the antipode axiom and that u-'^(x) is graded, we 
have that S{Fj^^,) is written as (—1) ^ i^k' Fj^^,L~^'^- plus terms of lower degree. 
Then the coefficient of K^'' in the right hand side of (j4.6p is (—1) *• '^fe-'^, 
using again the orthogonality of the components of different degree. D 

We recall a generalization of Proposition 12.61 The main objective is to 
consider bosonizations of Nichols algebras by abelian groups, not only free 
abelian groups, and their quantum doubles. Similar generalizations can be 
found in [ARSllRaS] . and also in [B] for finite groups. 

Set a bicharacter x : ^ x ^ — ?• k^ , and two abelian groups F, A. Assume 
that there exists elements gi G T, 7^- G F such that ^j{gi) = Qij, and elements 
hi G A, \j G A such that \j{hi) = qji. Assume that there exists a bicharacter 
// : F X A — >■ k^ , such that /i(gi, hj) = qij. Note that this happens for example 
when F = A = Z'', as in [H21 Section 4]. 

Set V Gj^p yV as the vector space with a fixed basis Ei, . . . ,Eq such that 
Ei G Vg^ , W g{^^ yV to the vector space with a fixed basis Fi, . . . ,Fg such 
that Fi G V^\ Let B = B{V)#kr and B' = {B{W)#kAy°P. 

Theorem 4.8. There exists a unique skew- Hopf pairing r] : B(^B' ^ k such 
that for all 1 < i,j < and all g (zT, h ^ A, 

(4.7) l^{g,h)=^i{g,h), ri{Ei,Fj) = -6^,, ri{E„h) = ri{g,F,) = 0. 

It satisfies the following condition: for all E G u"^(x), F G u^(x), g & B, 
heB', 

(4.8) rj{Eg,Fh)=7]{E,F)f,{g,h). 

The restriction of r] to B(y) B{W) coincides with the one of the pairing 
in Proposition \2.6[ D 
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We work with the case A = F, F a finite group, fi the evaluation bicharac- 
ter, and hi = 'ji, Xi = gi under the canonical identification of the characters 
of F with F. In this case rj is non-degenerate. Call u(x) to the Hopf algebra 
corresponding to this skew- Hopf pairing, following Subsection I2.H and de- 
note B = u-*'(x), B' = u-^{x) by analogy with the previous sections. Two 
dual bases for ??lkr®kf ^"^^ ifflger, {f^glger, where 6g = |r|"^ Xl^ef 7(5"^) 7- 
Therefore it has an i?-matrix of the form: 

(4.9) 7^l:=^<5g05=^ Y. 7(5~^)7«)5- 

ser 9Gr,7Gr 

Theorem 4.9. The universal R-matrix of u{x) is given by the formula 

(4.10) n = (n^xp., ((-i)'^(^'^'^)F;3, ^ i?/3,)) n^, 

where the product is written in decreasing order. 
Proof. By Proposition 14.61 and Theorem 14.81 the sets 
{E;'J^---E''^lg:0<a,<Ni,ger}, 



M 

n(«^)'?-^^"^ ) ^PM---^k^^ : < 6, < iV„5 G F 

J 

are bases of u-''(x), u-'^(x), respectively, which are dual for r/. As in Sub- 
section 12. H a formula for the i?-matrix is given by: 



ger 0<ai<Ni \i=l 



'Nj~l 



Vi ^^ 




which ends the proof. D 



4.3. Further computations on convex PBW bases. We can refine the 
coproduct expression of each Ef^. In consequence we can obtain a family of 
left coideal subalgebras, induced by products of the same PBW generators. 
For each 1 < Z < M, let 

Bi := ({F|-F;-- • • • F;; |0 < afc < N,}) C u-(x). 

Lemma 4.10. For each 1 < / < M, 

A(F^J G F^, (g) 1 + 1 ® E^, + S^^i (g) B^-\ 
A(F^J G F^, 1 + 1 F^, + bL"^ ® B'^r\ 
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Proof. Write both sides of A(£'^J as linear combinations of the elements of 
the PBW basis, and take a term 

E"'-' • • • ^"^ ® eI'^ E'y-' ■■■E\'' 

Pl-l Pl ^ fiM PM-1 Pk 

appearing with non-zero coefficient c, where k is such that bk 7^ 0. Using 
the orthogonality of the elements of the PBW basis, 

/ crj{E^^-i ■ ■ ■ E;iK^''^M'^^M-.-^^k\F;i:i ■ ■ ■ f;;) 

T^iE^E''"-' • • • 4^ F^^'f'''-' ■ ■ ■ f'") 

'^ Pm Pm-1 Pk^ Pm PA/-1 Pk' 

= ,iEp^ , f;;:i ■ ■ ■ f;if;-f;-:i ■ ■ ■ Ff^. 

Suppose that k < I. Using last part of Theorem 14.11 repeatedly we see that 

z ■= F^'~' • • • F^iF^^F^^-^ • • • F>- G D^ , 

Pi-i Pi Pm Pm-1 Pk ~' 

SO r](Epi^, z) = 0, a contradiction. Then k > I, and we end the proof. D 

Proposition 4.11. Bf|_ (respectively, B^J is a left (respectively, right) 
coideal subalgebra ofu~^{x) (respectively, u^{x))- 

Proof. It is a consequence of Lemma [4 . 1 1 and last part of Theorem 14. 1[ D 

For the last part of this section we prove a result generalizing [Ro21 The- 
orem 22]. It establishes the uniqueness (up to scalars) of a PBW basis 
determining a filtration of coideal subalgebras, and it is useful to compare 
PBW bases coming from Lusztig isomorphisms as in the previous results, 
and PBW bases from combinatorics as jKhj . Note that the first kind of 
PBW bases gives right and left coideal subalgebras, while some examples of 
the second family give left coideal subalgebras, see |A21 Section 3.3]. 

Theorem 4.12. Let (Eip)a^^x be non-zero elements of u''~(x), such that 

'Ep € u'^{x)p, and there exists an order (3m > ■ ■ ■ > Pi on the roots such that, 
for each 1 < k < M , the elements E^*^ • • • Eo*" , < Oj < Np^, , determine 
a basis of a subspace Y^, which is a left coideal subalgebra ofu~^{x)- Then 
the order on the roots is convex. 

Moreover, if{Ep)a^/^x denote PBW generators for the corresponding ex- 
pression of the element of maximal length of W, then there exists non-zero 
scalars cp such that E^ = cpEp. 

Proof. The convexity on the order follows from the fact that the chain of 
coideal subalgebras Yj\/ C • • • C Yi = B{V) coincides with B^^ £•••$! 
B^ = Biy). The proof of this fact is exactly as in \A2\ Theorem 3.16]. 
That is, Yfc = B^ for all 1 < fc < M.. 

For the second statement, write E^^ = ^ c(ai, • • • , qm) EV^' ■ ■ ■ EV- . If 
c(ai, • • • ,aM) 7^ 0, then (3^ = Ylj ^jl^ji so flfc = 1; o-j = for all j / k, or 
there exists j < k such that Oj ^ 0. The second case is not possible because 
Epk G Yfc = B^. Therefore, Bp^ = cp^ Ep^ for some cp^ G k^. D 
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Example 4.13. Let {qij)i<ij<2 be a matrix whose generalized Dynkin di- 

agrain is o? o~^ , ^ a root of unity of order 5, and x the associated 

bicharacter on Z^ . The element of maximal length on its Weyl groupoid has 
a reduced expression wq = id-^ siS2SiS2SiS2SiS2- Then 

ai < 3qi + 02 < 2ai + a2 < 5ai + 3a2 

< 3ai + 2a2 < 4ai + 3a2 < ai + a2 < a2 

is the corresponding order on the roots. We obtain a PBW basis with 
generators Ejj, f3 € A^, using the Lusztig isomorphisms. 

On the other hand we obtain a PBW basis of hyperletters E^ = [ijsjc, 
j3 G A^, associated to Lyndon words Ip as in |Khj . We compute easily the 
corresponding Lyndon words using \A2\ Corollary 3.17]: 



■t-oi ^ 2^1, 


^3oi+a2 


= 2;fx2, 


■t4Qi+3o2 


= X;^X2Xi3;2X2XiX2 


■Ccj2 •^2-i 


<-2Qi+a2 


= 2;iX2, 


■'-5qi+3o2 


2 2 

= X;^X2a;]^X2XiX2, 


ai+ci2 ■^l'^25 


■^3ai+2a2 


= X;^X2Xl3;2. 







We compute using the Shirshov decomposition, see |A2[ IKhj and the refer- 
ences there in, 

E„j = Xi, E3a,+„2 = (adcXi)^X2, 

-t^02 — '^2) -'^3qi+2o2 — [-•^2«i+a2 ) ■'^01+02 Jc) 

Eai+02 = (adcXi)x2, E4cm_3Q2 = [E3cn+2o2)Elai+02]c) 

E2ai+02 = (adcXi) X2, Esoi+Soa = [E2Qi+a2 ' E3Q,i+2a2]c- 

By the previous theorem, there exists cp G k^ such that E^ = cp Ep. It can 
be computed as the inverse of the coefficient of Ip in Ep, because Ip appears 
with coefficient 1 in E^. 
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